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Abstrat
We have made an attempt to reformulate the generalized eld equa-
tion of dyons in terms of otonion variables. Otonion forms of gen-
eralized potential and urrent equations are disussed in onsistent
manner. It has been shown that due to the non assoiativity of oto-
nion variables it is neessary to impose ertain onstraints to desribe
generalized otonion eletrodynamis in manifestly ovariant and on-
sistent manner.
1 Introdution
There has been a revival in the formulation of natural laws so that there
exists [1℄ four-division algebras onsisting the algebra of real numbers (R),
omplex numbers (C), quaternions (H) and Otonions (O). All four alge-
bra's are alternative with totally anti symmetri assoiators. Quaternions
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[2, 3℄ were very rst example of hyper omplex numbers have been widely
used [4, 5, 6, 7, 8, 9, 10℄ to the various appliations of mathematis and
physis. Sine otonions [11℄ share with omplex numbers and quaternions,
many attrative mathematial properties, one might exept that they would
be equally as useful as others. Otonion [11℄ analysis has been widely dis-
ussed by Baez [12℄. It has also played an important role in the ontext of
various physial problems [13, 14, 15, 16℄ of higher dimensional supersymme-
try, super gravity and super strings et. In reent years, it has also drawn
interests of many [17, 18, 19, 20℄ towards the developments of wave equation
and otonion form of Maxwell's equations. We [21, 22℄ have also studied
otonion eletrodynamis, dyoni eld equation and otonion gauge analyt-
iity of dyons onsistently and obtained the orresponding eld equations
(Maxwell's equations) and equation of motion in ompat and simpler for-
mulation. Extending our previous results [22℄, in this paper, we have made
an attempt to reformulate the generalized eld equation of dyons in terms
of otonion variables. Otonion forms of generalized potential and urrent
equations are disussed in onsistent manner. It has been shown that due to
the non assoiativity of otonion variables it is neessary to impose ertain
onstraints to desribe generalized otonion eletrodynamis in manifestly
ovariant and onsistent manner. We have obtained the generalized Dira-
Maxwell's (GDM) equations of dyons from otonion wave equation in simple,
ompat and onsistent manner. It has been shown that the otonion vari-
able of dyons reprodues the dynamis of eletri (magneti) harge in the
absene of magneti (eletri) harge.
2 Otonion Denition
An otonion x is expressed [21, 22℄ as a set of eight real numbers
x = (x0, x1, ...., x7) = x0e0 + x1e1 + x2e2 + x3e3 + x4e4 + x5e5 + x6e6 + x7e7
= x0e0 +
7∑
A=1
xAeA (A = 1, 2, ....., 7) (1)
where eA(A = 1, 2, ....., 7) are imaginary otonion units and e0 is the multi-
pliative unit element. The otet (e0, e1, e2, e3, e4, e5, e6, e7) is known as the
otonion basis and its elements satisfy the following multipliation rules
e0 = 1, e0eA = eAe0 = eA eAeB = −δABe0 + fABC eC . (A,B,C = 1, 2, ......7)(2
2
The struture onstants fABC are ompletely antisymmetri and take the
value 1 i.e. fABC = +1 = (123), (471), (257), (165), (624), (543), (736).
Here the otonion algebraO is desribed over the algebra of rational numbers
having the vetor spae of dimension 8. Otonion algebra is non assoiative
and multipliation rules for its basis elements given by equations (2,3) are
then generalized in the following table:
· e1 e2 e3 e4 e5 e6 e7
e1 −1 e3 −e2 e7 −e6 e5 −e4
e2 −e3 −1 e1 e6 e7 −e4 −e5
e3 e2 −e1 −1 −e5 e4 e7 −e6
e4 −e7 −e6 e5 −1 −e3 e2 e1
e5 e6 −e7 −e4 e3 −1 −e1 e2
e6 −e5 e4 −e7 −e2 e1 −1 e3
e7 e4 e5 e6 −e1 −e2 −e3 −1
Table1- Otonion Multipliation table
Hene, we get the following relations among otonion basis elements i.e.
[eA, eB] = 2fABCeC ; {eA, eB} = −δABe0; eA(eBeC) 6= (eAeB)eC ;(3)
where brakets [ ] and { } are used respetively for ommutation and the anti
ommutation relations while δAB is the usual Kroneker delta-Dira sym-
bol.Otonion onjugate is thus dened as,
x¯ = x0e0 − x1e1 − x2e2 − x3e3 − x4e4 − x5e5 − x6e6 − x7e7
= x0e0 −
7∑
A=1
xAeA (A = 1, 2, ....., 7). (4)
An Otonion an be deomposed in terms of its salar (Sc(x)) and vetor
(V ec(x)) parts as
Sc(x) =
1
2
(x+ x¯) = x0; V ec(x) =
1
2
(x− x¯) =
7∑
A=1
xAeA (5)
Conjugates of produt of two otonions and its own are desribed as
(xy) = y x ; (x¯) = x (6)
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while the salar produt of two otonions is dened as
〈x , y 〉 = ∑7α=0 xαyα =
1
2
(x y¯ + y x¯) =
1
2
(x¯ y + y¯ x) (7)
whih an be written in terms of otonion units as
〈eA , eB 〉 = 1
2
(eAeB + eBeA) =
1
2
(eAeB + eBeA) = δAB. (8)
The norm of the otonion N(x) is dened as
N(x) = xx = x x¯ =
7∑
α=0
x2αe0 (9)
whih is zero if x = 0, and is always positive otherwise. It also satises the
following property of normed algebra
N(xy) = N(x)N(y) = N(y)N(x). (10)
As suh, for a nonzero otonion x , we dene its inverse as
x−1 =
x¯
N(x)
(11)
whih shows that
x−1x = xx−1 = 1.e0; (xy)
−1 = y−1x−1. (12)
3 Otonion Wave Equation
A lot of literature [17, 18, 19, 20℄ has already been available on otonion wave
equation. Aordingly, let us dene the otonion dierential operator D as
D =
7∑
µ=0
eµDµ, (13)
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where Dµ are desribed as the omponents of a dierential operator in an
eight dimensional representation. We desribe a funtion of an otonion
variable as
F(X) = ∑7µ=0 eµfµ(X) = f0 + e1f1 + e2f2 + ..... + e7f7, (14)
where fµ are salar funtions. Sine otonions are neither ommutative nor
assoiative, one has to be very areful to multiply the otonion either from
left or from right in terms of regularity onditions [17℄. As suh, a funtion
F(X) of an otonion variable X =
7∑
µ=0
eµXµ is left regular at X if and only
if F(X) satises the ondition
DF(X) = 0. (15)
Similarly, a funtion G(X) is a right regular if and only if
G(X)D = 0, (16)
where G(X) = g0 + g1e1 + g2e2 + ..... + g7e7. Then we get
DF = I = I0 + I1e1 + I2e2 + I3e3 + I4e4 + I5e5 + I6e6 + I7e7, (17)
where
I0 = ∂0f0 − ∂1f1 − ∂2f2 − ∂3f3 − ∂4f4 − ∂5f5 − ∂6f6 − ∂7f7;
I1 = ∂0f1 + ∂1f0 + ∂2f3 − ∂3f2 + ∂6f5 − ∂5f6 − ∂7f4 + ∂4f7;
I2 = ∂0f2 + ∂2f0 + ∂3f1 − ∂1f3 + ∂4f6 − ∂6f4 − ∂7f5 + ∂5f7;
I3 = ∂0f3 + ∂3f0 + ∂1f2 − ∂2f1 + ∂6f7 − ∂7f6 + ∂5f4 − ∂4f5;
I4 = ∂0f4 + ∂4f0 + ∂3f5 − ∂5f3 − ∂2f6 + ∂6f2 − ∂1f7 + ∂7f1;
I5 = ∂0f5 + ∂5f0 + ∂1f6 − ∂6f1 + ∂7f2 − ∂2f7 − ∂3f4 + ∂4f3;
I6 = ∂0f6 + ∂6f0 − ∂1f5 + ∂5f1 + ∂2f4 − ∂4f2 − ∂3f7 + ∂7f3;
I7 = ∂0f7 + ∂7f0 + ∂1f4 − ∂4f1 + ∂2f5 − ∂5f2 − ∂6f3 + ∂3f6. (18)
The regularity ondition (15) may now be onsidered as a homogeneous
otonion wave equation for otonion variables without soures. On the
other hand, equation (17) is onsidered as the inhomogeneous wave equa-
tion DF = I.
5
4 Otonion Formulation for Generalized Fields
of Dyons
In order to write the various quantum equations of dyons in otonion formu-
lation, let us start with potential otonion
V = e0V0 + e1V1 + e2V2 + e3V3 + e4V4 + e5V5 + e6V6 + e7V7 (19)
and we identify its omponents as
(V0, V1, V2, V3, V4, V5, V6, V7) =⇒ (ϕ, Ax, Ay, Az, iBx, iBy, iBz , iφ) (i =
√−1)
(20)
where (φ, Ax, Ay, Az) = (φ,
−→
A ) = {Aµ} and (ϕ, Bx, By, Bz) = (ϕ,−→B ) =
{Bµ} are respetively desribed as the omponents of eletri {Aµ} and mag-
neti {Bµ} four potentials of dyons (partiles arrying simultaneously the
eletri and magneti harges). Equation (19) may then be written as
V =e1(Ax+ie7Bx)+e2(Ay+ie7By)+e3(Az+ie7Bz)+(ϕ+ie7φ) = e1Vx+e2Vy+e3Vz+ie7∅
(21)
where (∅,Vx,Vy,Vz) = (∅,−→V ) = {Vµ} are then be desribed as the ompo-
nents of generalized four potential {Vµ} assoiated with generalized harge
(q = e+ i g) (where e and g are respetively known as eletri and magneti
harges) of dyons [6℄. In order to obtain the generalized eld equations of
dyons in four dimensional spae time, we identify dierential operator (13)
to be four dimensional and hene we may write equation (13) as
D 7−→ ⊡ = e1 ∂
∂x
+ e2
∂
∂y
+ e3
∂
∂z
− ie7 ∂
∂t
(22)
where we have taken other omponents like ∂0, ∂4, ∂5, ∂6of equation (13) van-
ishing. Otonion onjugate of equation (22) may then be written as
⊡ = −e1 ∂
∂x
− e2 ∂
∂y
− e3 ∂
∂z
+ ie7
∂
∂t
. (23)
Now operating ⊡ given by equation (23) to otonion potential Vof equation
(21), we get
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⊡V =− e0(−→∇ · −→A + ∂φ
∂t
)
+e1(−∂ϕ
∂x
+
∂Az
∂y
− ∂Ay
∂z
− ∂Bx
∂t
)
+e2(−∂ϕ
∂y
+
∂Ax
∂z
− ∂Az
∂zx
− ∂By
∂t
)
+e3(−∂ϕ
∂z
+
∂Ay
∂x
− ∂Ax
∂y
− ∂Bz
∂t
)
−ie4(−∂φ
∂x
− ∂Bz
∂y
+
∂By
∂z
− ∂Ax
∂t
)
−ie5(−∂φ
∂y
− ∂Bx
∂z
+
∂Bz
∂x
− ∂Ay
∂t
)
−ie6(−∂φ
∂z
− ∂By
∂x
+
∂Bx
∂y
− ∂Az
∂t
)
+ie7(
−→∇ · −→B + ∂ϕ
∂t
). (24)
We are using S.I. system of natural units (c = ~ = 1). On applying the
Lorentz gauge onditions, respetively for the dynamis of eletri and mag-
neti harges of dyons as
−→∇ · −→A + ∂φ
∂t
= 0;
−→∇ · −→B + ∂ϕ
∂t
= 0, (25)
we nd the following otonion form of equation (24) i.e.
⊡V = F (26)
where F is again an otonion reprodues the generalized eletromagneti
elds of dyons. It is thus desribed by
F = e0F0 + e1F1 + e2F2 + e3F3 + e4F4 + e5F5 + e6F6 + e7F7 (27)
where
7
F0 = −(−→∇ · −→A + ∂φ
∂t
) = 0;
F1 = (−∂ϕ
∂x
+
∂Az
∂y
− ∂Ay
∂z
− ∂Bx
∂t
) = Hx
F2 = (−∂ϕ
∂y
+
∂Ax
∂z
− ∂Az
∂x
− ∂By
∂t
) = Hy
F3 = (−∂ϕ
∂z
+
∂Ay
∂x
− ∂Ax
∂y
− ∂Bz
∂t
) = Hz
F4 = −i (−∂φ
∂x
− ∂Bz
∂y
+
∂By
∂z
− ∂Ax
∂t
) = −i Ex
F5 = −i (−∂φ
∂y
− ∂Bx
∂z
+
∂Bz
∂x
− ∂Ay
∂t
) = −i Ey
F6 = −i (−∂φ
∂z
− ∂By
∂x
+
∂Bx
∂y
− ∂Az
∂t
) = −i Ez
F7 = i (
−→∇ · −→B + ∂ϕ
∂t
) = 0. (28)
Let us dene [6, 21℄ the generalized eletri (
−→
E ) and magneti (
−→
H ) elds of
dyons in terms of omponents of eletri and magneti four potentials as
−→
E = − ∂
−→
A
∂t
−−→∇φ−−→∇ ×−→B ;
−→
H = −∂
−→
B
∂t
−−→∇ϕ+−→∇ ×−→A. (29)
Thus equation (27) redues to
F =e1(Hx + ie7Ex) + e2(Hy + ie7Ey) + e3(Hz + ie7Ez)
=e1Ψx + e2Ψy + e3Ψz (30)
where
−→
Ψ =
−→
H + i e7
−→
E is the generalized vetor eld [6, 21℄ of dyons. Now
applying the dierential operator (22) to equation (30), we get
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⊡F =− e0(∂Hx
∂x
+
∂Hy
∂y
+
∂Hz
∂z
)
+e1(
∂Hz
∂y
− ∂Hy
∂z
− ∂Ex
∂t
)
+e2(
∂Hx
∂z
− ∂Hz
∂x
− ∂Ey
∂t
)
+e3(
∂Hy
∂x
− ∂Hx
∂y
− ∂Ez
∂t
)
+ie4(
∂Ey
∂z
− ∂Ez
∂y
− ∂Hx
∂t
)
+ie5(
∂Ez
∂x
− ∂Ex
∂z
− ∂Hy
∂t
)
+ie6(
∂Ex
∂y
− ∂Ey
∂x
− ∂Hz
∂t
)
+ie7(
∂Ex
∂x
+
∂Ey
∂y
+
∂Ez
∂z
). (31)
or
⊡F =− e0(−→∇.−→H )
+e1[(
−→∇ ×−→H )x − ∂Ex
∂t
]
+e2[(
−→∇ ×−→H )y − ∂Ey
∂t
]
+e3[(
−→∇ ×−→H )z − ∂Ez
∂t
]
+ie4[(
−→∇ ×−→E )x − ∂Hx
∂t
]
+ie5[(
−→∇ ×−→E )y − ∂Hy
∂t
]
+ie6[(
−→∇ ×−→E )z − ∂Hz
∂t
]
+ie7(
−→∇ .−→E ) (32)
These equations (31,32) may then be written in following ompat notation
in terms of an otonion i.e.
⊡ F = J (33)
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where J is again an otonion and is re-desribed as the Otonion form of
generalized urrent given by
J =− e0̺+e1jx + e2jy + e3jz − ie4kx − ie5ky − ie6kz + ie7ρ
=(e1jx + e2jy + e3jz −−e0̺) + i(e1kx + e2ky + e3kz − ρ)e7
=e1(jx + ie7kx) + e2(jy + ie7kz) + e3(jz + kz)− (ρ+ ie7̺)
=e1Jx + e2Jy + e3Jz + e0J0 (34)
where (ρ,
−→
j ) = {jµ}, (̺, −→j ) = {kµ} and (J0,−→J ) = {Jµ} are respetively the
four urrents assoiated with eletri harge, magneti monopole and gener-
alized elds of dyons. Equations (31-34) thus lead to following dierential
equations
(
−→∇ · −→H ) = ̺
(
−→∇ ×−→H )x = ∂Ex
∂t
+ jx
(
−→∇ ×−→H )y = ∂Ey
∂t
+ jy
(
−→∇ ×−→H )z = ∂Ez
∂t
+ jz
(
−→∇ ×−→E )x = − ∂Hx
∂t
− kx
(
−→∇ ×−→E )y = − ∂Hy
∂t
− ky
(
−→∇ ×−→E )z = − ∂Hz
∂t
− kz
(
−→∇ · −→E ) = ρ. (35)
Equation (35) may then be written as
(
−→∇ · −→E ) = ρ
(
−→∇ ×−→E ) = − ∂
−→
H
∂t
−−→k
(
−→∇ ×−→H ) = ∂
−→
E
∂t
+
−→
j
(
−→∇ · −→H ) = ̺ (36)
whih are the generalized Dira-Maxwell's equations of generalized elds of
dyons [21, 22℄.
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⊡⊡¯V = F
=e0(
∂2ϕ
∂x2
+
∂2ϕ
∂y2
+
∂2ϕ
∂z2
+
∂2Bx
∂x∂t
+
∂2By
∂y∂t
+
∂2Bz
∂z∂t
)
−e1(∂
2Ax
∂y2
+
∂2Ax
∂z2
− ∂
2Ax
∂t2
− ∂
2Az
∂x∂z
− ∂
2Ay
∂y∂x
− ∂
2φ
∂x∂t
)
−e2(∂
2Ay
∂x2
+
∂2Ay
∂z2
− ∂
2Ay
∂t2
− ∂
2Ax
∂y∂x
− ∂
2Az
∂y∂z
− ∂
2φ
∂y∂t
)
−e3(∂
2Az
∂z2
+
∂2Az
∂y2
− ∂
2Az
∂t2
− ∂
2Ay
∂z∂y
− ∂
2Ax
∂z∂x
− ∂
2φ
∂z∂t
)
+ie4(−∂
2Bx
∂y2
− ∂
2Bx
∂z2
+
∂2Bx
∂t2
+
∂2By
∂x∂y
+
∂2Bz
∂z∂x
+
∂2ϕ
∂x∂t
)
+ie5(−∂
2By
∂x2
− ∂
2By
∂z2
+
∂2By
∂t2
+
∂2Bz
∂z∂y
+
∂2Bx
∂y∂x
+
∂2ϕ
∂y∂t
)
+ie6(−∂
2Bz
∂x2
− ∂
2Bz
∂y2
+
∂2Bz
∂t2
+
∂2Bx
∂x∂z
+
∂2By
∂z∂y
+
∂2ϕ
∂z∂t
)
−ie7(∂
2φ
∂x2
+
∂2φ
∂y2
+
∂2φ
∂z2
+
∂2Ax
∂x∂t
+
∂2Ay
∂t∂y
+
∂2Az
∂z∂t
). (37)
Equation (37) then redues to
¯⊡⊡ V = ⊡¯ ⊡ V= J (38)
where J is desribed as the otonion form of generalized urrent assoiated
with dyon and is already given by equation (33). Equation (37) may also be
written as
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¯⊡⊡ V = ⊡¯ ⊡ V =e0[∇2ϕ+ ∂
∂t
(
−→∇ · −→B )]
−e1[Ax − ∂
∂x
(
−→∇ · −→A + ∂φ
∂t
)]
−e2[Ay − ∂
∂y
(
−→∇ · −→A + ∂φ
∂t
)]
−e3[Az − ∂
∂z
(
−→∇ · −→A + ∂φ
∂t
)]
−ie4[Bx − ∂
∂x
(
−→∇ · −→B + ∂ϕ
∂t
)]
−ie5[By − ∂
∂y
(
−→∇ · −→B + ∂ϕ
∂t
)]
−ie6[Bz − ∂
∂z
(
−→∇ · −→B + ∂ϕ
∂t
)]
−ie7[∇2φ+ ∂
∂t
(
−→∇ · −→A )], (39)
where ∇2 = ∂2
∂x2
+ ∂
2
∂y2
+ ∂
2
∂z2
and  = ∂
2
∂x2
+ ∂
2
∂y2
+ ∂
2
∂z2
-
∂2
∂t2
= ∇2 − ∂2
∂t2
.
Using the Lorentz gauge onditions (25) and the denition of otonion valued
generalized urrent of dyon given by equation (34), we get
φ = ρ; ϕ = ̺;
Aµ = jµ; Bµ = kµ. (40)
As suh, we have obtained onsistently the generalized Dira Maxwell's
(GDM) equations from otonion wave equations on onsidering the non as-
soiativity of otonion variables. The advantages of present formalism are
disussed in terms of ompat and simpler notations of otonion valued po-
tential, eld and urrents of dyons despite of non assoiativity of otonions.
The present otonion reformulation of generalized elds of dyons represents
well the invariane of eld equations under Lorentz and duality transforma-
tions. It also reprodues the dynamis of eletri (magneti) harge yielding
to the usual form of Maxwell's equations in the absene of magneti (ele-
tri harge) in ompat, simpler and onsistent way. Otonion element e7
has been onsidered to be invariant and the theory resembles with the bi-
quaternion theory of generalized elds of dyons [9℄. In the forthoming paper
theory of split otonion will be disussed.
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